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WIENER-TYPE TESTS FROM A TWO-SIDED GAUSSIAN BOUND 


ERMANNO LANCONELLI, GIULIO TRALLI, AND FRANCESCO UCUZZONI 


Abstract. In this paper we are concerned with hypoelliptic diffusion operators l-i. Our 
main aim is to show, with an axiomatic approach, that a Wiener-type test of "H-regularity 
of boundary points can be derived starting from the following basic assumptions: Gauss¬ 
ian bounds of the fundamental solution of l-L with respect to a distance satisfying doubling 
condition and segment property. As a main step towards this result, we establish some 
estimates at the boundary of the continuity modulus for the generalized Perron-Wiener 
solution to the relevant Dirichlet problem. The estimates involve Wiener-type series, 
with the capacities modeled on the Gaussian bounds. We finally prove boundary Holder 
estimates of the solution under a suitable exterior cone-condition. 


1. Introduction 

Let us consider the following linear second order Partial Differential Operators 

N N 

(1-1) ^ ^ ^ + X 9k{z)dx^ - dt, 

i,j — l k—1 

in the strip of 

S = {z = {x,t) : X £ Ti < t < T2}, —00 < Ti < T2 < 00. 

We assume the coefficients qij = qj^i,qk of class C°°, and the characteristic form 

N 

qH{z,0= X 

nonnegative definite and not totally degenerate, i.e., quiz,-) > 0, quiz,-) ^ 0 for every 
z £ S. We also assume the hypoellipticity of H and of its adjoint T-L*, and the existence of a 
global fundamental solution 

(zX) ^ r(z,c) 

smooth out of the diagonal of S' x S'. 

In a deep Potential Analysis for H has been developed only assuming a two sided 
Gaussian-type estimate for P. Such analysis was mainly aimed to obtain regularity crite¬ 
ria and uniform boundary estimates for the Perron-Wiener-Brelot-Bauer (PWBB, in short) 
solution to the Dirichlet problem for 'H in terms of suitable series involving balayage poten¬ 
tials. Under the same assumptions, our objective here is to prove Wiener-type tests for H 
and to estimate the continuity modulus at the boundary of the PWBB-solution in terms of 
Wiener-type series, i.e. series involving "H-capacity of ring-shaped sets of P. 

Before we state our main results we want to give a precise description of our assumptions 
and to recall some notations and results from [^. First of all, when we say that P is a 
fundamental solution for 'H we mean 
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(i) r(-,^) G -Zjioc(*^) ^(r(-,C)) = the Dirac measure at {C}, for every C € S; 

(ii) for every compactly supported continuous function (p on and for every Xq G , 
T €]Ti,T 2 [, we have 

(1.2) / r{x,t,^,T)p{^)d^ ^ ifixo), as (x,t) -)> (xo,t), t > T. 

JRN 

Given a metric d : x —>■ R, we call d-Gaussian (of exponent a > 0) any function 


GW(z,C) = GW(x,t,e,T) 


• exp 




if t < r, 

if t > T. 


Hereafter, if H C R-^ (H C R^+i), |H| denotes the iV-dimensional {{N + l)-dimensional) 
Lebesgue measure of A. Moreover, we denote the d-ball of center x and radius r > 0 as 

Bdix, r) = B{x, r) = {y G R^ : d{x, y) < r}. 

Then, our crucial axiomatic assumption is the existence of a distance d in R'^ such that the 
following Gaussian estimates for T hold 


(H) 


iGlJ(z,C) < r(z,C) < AGi?(z,C), Vz,C G 5, 


for suitable positive constants qq, bo, and A. Throughout the paper we keep such a distance d 
hxed, and we will simply write Ga instead of G^\ We shall make the following assumptions 
on the metric space (R^,d): 

(Dl) The d-topology is the Euclidean topology. Moreover (R^,d) is complete and, for 
every fixed x G R^, d{x,^) —>■ oo if (and only if) ^ —>• oo with respect to the usual 
Euclidean norm. 

(D2) (R^,d) is a doubling metric space w.r.t. the Lebesgue measure, i.e. there exists a 
constant Cd > 1 such that 

|i?(a:, 2r)| < Cd|il(a;,r)|, Vcc G R^, Vr > 0. 

We will always denote hy Q — loga Cd the relative homogeneous dimension. 

(D3) (R^,d) has the segment property, i.e., for every x,y G R^ there exists a continuous 
path 7 : [ 0 , 1 ] —>■ R^ such that 7 ( 0 ) = x, 7 ( 1 ) = y and 

d{x, y) = d{x, y(t)) + d{y(t),y) Vt G [0,1]. 

Given an operator H satisfying m w.r.t. a metric d verifying (IdT])~(Id 31) , we set 

(1.3) |’H| = A + Oq ^ + &o + Cd. 

The operator H endows the strip S with a structure of /3-harmonic space satisfying the Doob 
convergence property, see [3^ Theorem 3.9]. As a consequence, for any bounded open set 
D with n C S, the Dirichlet problem 

j TLu = 0 in H, 

has a generalized solution H^, in the Perron-Wiener sense, for every continuous function 
p : dV, — 7 > R. A point zq G dV, is called "H-regular if lim^-^^j, H^{z) = p{zo) for every 
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if G C{dVi). The main result of this paper is the following Wiener-type test for the %- 
regularity of the boundary points of Q,. 


Theorem 1.1. Let zq = {xo,to) G dLl, and X G]0,1[. 
(i) If there exists 0 < a < ao and b > bo such that 


(1.4) 


^ Cg (0^(zo,A)) 

h,k=i \b (xo,V^ 


X^'^ = +00 


then the point zq is H-regular. 

(ii) If the point Zq is H-regular, then 


(1.5) 


^ Cb (Ofc(zo, A)) ^ 


h,k=i (xo,V>f 

for every b > bo and 0 < a < Oq. 


We postpone to the end of the Introduction (Subsection 11.11) some comments on this 
theorem, along with an historical overview and explicit examples of operators to which our 
results apply. 

In the above theorem we have denoted, for h,k G N, 


( 1 . 6 ) nt{zo,X) 


( = (^, r) G S' \ II : < to - T < 


l\h-l 


< exp 


to-T 


^ , d{zoX) < V^l ■ 



Moreover, for a compact set F C S, Ca{F) stands for the capacity of F with respect to 
the d-Gaussian kernel of exponent a (see Section [2] for the classical definition). We have also 
set 


diz, C) = {d{x, + {t-Tf)i, 


z = {x,t), C = (c,r) G S. 
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We shall call d the parabolic counterpart of d. The relative parabolic balls are 

i3{z,r) = {CeS : d{zX) <r}, z £ S, r > 0. 

As a main step in the proof of (m, in Theorem O below we establish an estimate of 
the continuity modulus of at the boundary points of O in terms of Wiener-type series 
modeled on the d-Gaussian functions appearing in 0 . To explain this estimate we need 
some more recalls from [25]. For I G N and A G]0, 1[, we denote by Vi the "H-balayage 
potential of the set ^. 6 (^ 0 ) A^) n {f < to}) \ We know that 0 < V; < 1. For any p g] 0, 1[, 
the function 

OO 

(1.7) W = Wp = Y,p‘i^-Vi) 

1=1 

is what we call a 'H-Wiener function for at zq. This function can be used to characterize 
the "H-regularity of the boundary point zq- We have indeed (see US] Theorem 5.4]) 

(1.8) lim H^iz) = (p{zo) for every ip G C(d^}) if and only if VV(z) —?> 0 as z —>■ zg- 

An even stronger result holds true: the continuity modulus of at zg can be estimated 
only in terms of W and of the continuity modulus of the boundary data p. In fact, we have 
the following 

(1.9) \H^{z) - p{zg)\ < (p{zg,W{z)) MzGVL, 

where (p{zg,s) is a suitable function, depending on p, which is monotone increasing in s 
(we refer the reader to [5S1 Theorem 5.2 and Remark 5.3] for the details). In this paper we 
show that the Wiener function W, and thus \H^{z) — p{zg)\, can be estimated in terms of 
Wiener-type series. 


Theorem 1.2. Let ag and bg be the positive constants in m, and A g]0, 1[. For every 
0 < a < ag and b > bg there exist positive constants C and pg (only depending on a, b, I'Hj, X) 
such that 


(1.10) >Vp(z)<Cexp 


1 

C 


+ 00 


(n^(20, 


N3/c< 128^1^ '»=! 




for every z G S, 


for any 0 < p< pg. 


From (11.101) we can derive an integral estimate involving the Lebesgue measures of the 
following sections 

Ex{p,t) = G : z = (x, t) G ^ \ n, d{zg,z) < a/A, exp ^ 

Theorem 1.3. For any A g]0,1[ and b > bg there exist positive constants C and pg (only 
depending on |'H|,A, 6 } such that 

\Ex{p,tg-Tj)\ dp dp\ 

\ \B{xg,y/rj)\ p^+^ p j 


(1.11) >Vp(z)<C'exp 


for every z G S, 
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for any 0 < p < po- particular, 20 is Ti-regular if 


X 


I 


\Ex{p,to - r])\ dp dij 
\B {xo,x/v)\ V 


for some b > bo. 

Finally, from Theorem fOl we can obtain a Holder estimate of the solutions at the 
boundary points satisfying an exterior d-cone condition. We explicitly remark that, under 
such geometrical condition, the series in dm diverges for any b, ensuring the regularity of 
zo (as we already know by [25]). 

Theorem 1.4. Assume the exterior d-cone condition (|5.3I) holds at zq. Let tp S (7(912,R) 
be such that [p\zo,s = supp^pSupj^^ zo)<p < oo for some d > 0. Then, there exist 

0 < oq < 1 (md c > 0 only depending on \'H\,d,S,fl, and the constants Mo,ro,9 in the 
d-cone condition (lOD such that 



( 1 . 12 ) 


for all z G 12. 

We would like to emphasize that the estimates (ll.9p - (rTTTU)) - (ll.ll]) - (ll.l2p depend on the 
operator T-L only through the constant 1711 in (11.31) . This allows to extend our results to 
operators with non-smooth coefficients. See also Subsection 11.11 below. 

This paper is organized as follows. In Sectionj^jwe recall the different notions of capacities 
we are going to exploit, i.e. the balayage capacity and the capacities with respect to T and 
to the Gaussian kernels. We show how they compare each other and with the Lebesgue 
measure. In Section O we establish Gaussian bounds for the Green kernels on suitable 
cylinders. Then, we use them to prove a couple of very technical but powerful lemmas 
(Lemma l3.3l and Lemma [3^. They deal with an estimate of the balayage potential of some 
compact set by a term involving Green-equilibrium potentials. These lemmas will be crucial 
in Section 2] where we are going to complete the proofs of Theorem 11.21 and Theorem 11.11 
We first establish Theorem II.21 and we derive from that Theorem ll.il part (f). The proof of 
part [ii) is obtained by bounding the balayage potential of f2^(zo,A) and it closes Section 
m In Section |S] we prove the integral estimate in Theorem 11.31 The d-cone condition allows 
us to bound further this integral term and to get at last Theorem 11.41 

1.1. Some comments and historical notes. We would like to comment here on Theorem 
o If Gi^^ is the Gaussian function related to the Euclidean distance in i.e. 



for t>T, 


(e) 

then the Ga -capacity of a compact set is independent of a. Precisely, for any a, 6 > 0 there 
exists a constant c = c(a, &) > 0 (independent of F), such that 


-Ca{F) < Cb{F) < cCa(F) for any compact set F C R'^'*'^. 
c 


(1.13) 












6 


E. LANCONELLI, G. TRALLE AND F. UGUZZONI 


This not trivial result was proved in [221 Proposizione 2]0 As a consequence, in the Euclidean 
case, we can replace Ca and in m and m with 


C=Ci 

4 

that is the capacity related to the Heat kernel and to the Heat operator A — dt. Hence, in 
the Euclidean case, the Wiener-type series in (HH) and take the form 


(1.14) 


^ C A)) 


By Theorem ll.il if the series in (11.141) is divergent then zq € dVl is ~ 9*^-regular iQ 
0 < ^ < a. Viceversa, if zq is -regular then the series (11.141) is divergent for every 

o: ^ This result was first proved in [22l Lemma 2.4 and Teorema A] (see also [24]). One 
of its consequences is the following one: if zq G cAl is — 9*^-regular and 7 < /3, then zq 

is ^7^ ~ 9t^-regular. This result is sharp. Indeed, if 7 < /3, using the classical Petrowski’s 
regularity criterion in [52] (see also [SJ Theorem 8.1]), one can find an open set H and a 
point zg G dfl which is regular for A — 9^^ and not regular for ^^A — 9^^ 

We would also like to recall here the celebrated Wiener test for the Heat equation. Define, 
for fc G N, 

H'fe(zo) = {z G \ H < r^(zo, z) < j , 

where P® = denotes the Heat kernel, i.e. the fundamental solution of A — Then, 


zo is (A - dt) -regular if and only if ^ ^ (^fc(^o)) ^ 

k=l 

The easy part of this criterion (its only if part) was proved in The if part is due 

to Evans and Gariepy in m- A necessary and sufficient condition of (A — i9t)-regularity 
in terms of Wiener-type series was previously proved by Landis in [26] . Landis’s criterion 
involves series of the type where Vk is the Heat-equilibrium potential of {z G 

\ H : pk < r®(zo,z) < Pk+i} being pk a certain sequence of positive real numbers 
such that -foo. The first (A — 9()-regularity criterion involving Heat-capacity and 

the level-rings of the fundamental solution appeared in literature in 1954, and it is due to 
Pini |3^. Pini’s result is related to the Heat equation in spatial dimension N = 1, and gives a 
sufficient regularity criterion for particular open sets with continuous boundary. The Evans- 
Gariepy Wiener test was extended to parabolic operators with smooth variable coefficients 
by Garofalo and Lanconelli in |15j . and to parabolic operators with C^-Dini continuous 
coefficients by Fabes-Garofalo-Lanconelli in m 

Classical parabolic operators in divergence form, with merely measurable coefficients, are 
endowed with a fundamental solution satisfying the estimates m with respect to Euclidean 
Gaussians G® (see [1], see also [3Tl|33l[T7]). Then all our results apply to these equations: 
they were first proved in [22] and in [23]. 


^We do not l^now if 111.1.311 holds for Gaussian kernels related to non-Euclidean distances. 
^The fundamental solution of — dt^ is the Euclidean Gaussian . 
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Degenerate parabolic operators with Holder continuous coefficients, of the kind 

m m 

(1-15) E 

iJ—1 k—1 

where X = {Xi,... ,X^} is a system of vector fields satisfying the celebrated Hormander 
rank condition, have a fundamental solution satisfying the estimates m with respect to d- 
Gaussian functions, where d is the Carnot-Caratheodory distance related to X. The matrix 
(®i,i)ui=i,■■■,"* symmetric and uniformly strictly positive definite. Then, the operator in 
(jl.l5|l can be suitably approximated with a sequence {'Hj)jeN of operators of the kind (ll.ip 
with smooth coefficients and such that the sequence of constants |'Hj| in (11.31) has a finite 
upper bound (we directly refer to the papers 0mill EH[36] for the details, see also [201132] '). 
Then all our results in the present paper apply to the operators in (11.151) . 

In the stationary case, Wiener-type tests for second order degenerate-elliptic equations 
with underlying sub-Riemannian structures are well settled in literature, see the papers by 
Hueber Hansen and Hueber [T5], Negrini and Scornazzani [^; see also the very recent 
papers [23137], and the references therein. On the contrary, as far as we know only a few 
papers have been devoted to the Wiener test for evolution equations in sub-Riemannan 
settings: we mention the paper by Scornazzani [34] . where a Wiener test of Landis-type for 
a Kolmogorov equation is proved, and the work m of Garofalo and Segala, in which the 
Wiener test for the Heat equation on the Heisenberg group is established. In these settings, 
more literature is available relating to the boundary behavior, in sufficiently regular domains, 
of nonnegative solutions to evolution equations (see e.g. the recent papers [SIIIllIIlET], and 
the references therein). 


2. Capacities 

We want to briefly recall here some classical notions of potential theory. They allow us 
to define and compare all the different capacities which play a big role for our scopes. 


For a given a compact set F C S, we put 

= {u G H(5') : u > 0 in 5, u > 1 in F}, 

where H(S') is the set of "H-s^erharmonic functions in S. We also indicate Wf = inf{v : 
V € $f}. Then we can definqj the {'H-)balayage potential of F 

Vf(z) = liminf Hf(C)) z G S. 

C-S-Z 

We are going to denote hy fip the Riesz-measure of Vp, and we let C^(F) = fipiF). 

Let now X be a Hausdorff locally compact topological space, and let FT : X x X —>■ [0, -boo] 
be a lower semicontinuous function. If in addition K{-,Q ^ 0 for any fixed C G X, we will 


^We agree to let 


liminftH(^) = sup (infti;) 


being Uz a basis of neighborhoods of z. 
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say that K is a kernel on X. Given a compact set F C X, we denote by the set of 

nonnegative Radon measures supported on F. Let us define 

Ck{F) = sup : /r G M^{F), and K * fi{z) = J K{z, ()dfi{C) < 1 Wz G X 

Let us also denote by X{X) the collection of the compact subsets of X. The following 
statements are quite standard (see e.g. the classical paper by Fuglede [Ml Chapter 1, 
Section 2]): 

(i) Ck{F) < oo for any F G F(X); 

(ii) if Fi,F 2 G -Fix) with Fi C F 2 , then Ck{Fi) < Ck{F 2 )', 

(iii) if Ki,K 2 are kernel on X such that Ki < K 2 , then CkAF) — for every 

FgF{X)- 

(iv) for every F G F{X) there exists /i = ^ik G M.^{F) with K * jj. <\ ia X such that 

^l{F) ^ Ck{F)-, 

(v) if F C with F,Fk G F{X), then Ck{F) < J^ken^KiFt)- 

The measure fj,K will be called iL-equilibrium measure of F, and the function K * will be 
called a FT-equilibrium potential of F. In what follows we will exploit these notions mostly 
with the kernels T and Ga- We will always write Ca instead of Cg„- 


We now start to establish some capacitary estimates. The following will be exploited in 
Section 01 

Proposition 2.1. Let zq = (a^o,^o) G S, and let B(zo,r) be such that B (zq, (1 + 0)r) C S, 
with 9 > 0. Then, for any a > Q, there exists a constant C depending on 9 such that 


( 2 . 1 ) 


Ca B{zo,r) < C\B{xo,r)\ . 


Proof. Let us put z^ = {xq, F), where tr = to + (l + f We note that Zr G S. For every 
z = {x,t) G B{zo,r) we have 


F — t = tr — to + to—t>[l + ^] r"^ — r^ > 9r^ and 


d'^{x,Xo) ^ 1 

tr — t ~ 9r'^ 9 ’ 


so that 


Ga(Zr, z) ^ 


1 


B 


(^Xo,V9r^ 


exp(-j)> 


1 1 

C \B{xo,r)\' 


As a consequence, if v and v are, respectively, a Ga-equilibrium potential and measure of 

.Ga(z„C)dKC) > 


B{zo, r), we have 

1 > v{zr) = 


1 


I B(zo,r) 


C\B{xo,r)\ 


V B{zo,r) 


and hence Co (^B{zo,r)'^ = v (^B{zo,r)'j < C \B{xo,r)\ 


□ 
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Let F be a compact set contained in S. We want to compare Cu{F) and Ct{F). If is 
the balayage-measure of F, from the fact that r*/i_F<linS' (see [25l Proposition 8.3]), 
we immediately get 

Cw(F) <Cr(F). 

To prove the reverse inequality, let us denote by u a P-equilibrium measure of F. Then 
r * u < 1 in F so that, if u G we have 

u — T * v £ H(S' \ F), liminf (u — T* v){z) > u(0 — 1 > 0 G dF 
and liminf {u — T * p){x,t) > 0 VtG]ri,T2[. 

(i(a:,0)^+oo 

The minimum principle (see |251 Proposition 3.10]) implies u>r*uinS'\F. This inequality 
holds all over S since u> l>r*uonF. Thus it > P * u for all u G As a consequence 
Wp >T * V and hence 

Vp{z) = liminf ITf’(C) > liminf P * u(C) > P u(z) for all z G S. 

C—>-2 

From the fact that Vp = T * fj,p in S \ dF (see [25l Proposition 8.3]), we obtain 
(2.2) r * p < T * ^p in S' \ dF. 

Now we need a lemma. 

Lemma 2.2. Let /ri,/i2 G A4'^{F) such that P * /ii < P * /r2 in S \ F. Then 

fii{F) < cfi2iF). 

Proof. Let t G]ri,T2[ such that F C M^x]Fi,t[. Then, for any ^ G K.^ and r G]T'i,t[, we 
have 

^ < X / Gbg{x,t,^,T)dx < [ r{x,t,^,T)dx < A [ Gao{x,t,^,T)dx < dA 
PA A J^N J^N JrW 

for some positive structural constant d (see [25l Proposition 2.2 and Proposition 2.4]). As 
a consequence 

Ti{F) 


□ 


= [ dpi<d^[ ([ ^ix,t,^,T)dx] dfj.i{^,T) 

Jf Jf \Jr!^ J 

= /3A / ( / P(a;, t, r) (^, r) ) da; =/3A / T*pi{x,t)dx 

\Jf ) Js.^ 

< / 3 A / T * p2{x,t) dx = dA ( T{x,t,^,T) dx] dp2{^,T) 

Jrn Jp Vjrn j 

< {dAf [ dp2 = cp2{F). 

Jf 


The last lemma and inequality p.2|) imply 

Cr{F) = p{F) < cppiF) = cCn{F). 

Thus, we have just proved the following proposition. 

Proposition 2.3. The capacities Cr and Cpi are equivalent on the family of the compact 
subsets of S. 
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Corollary 2.4. For every 0 < a < ao and b > bo there exists a positive constant c = c(ao, &o) 
such that 

-CaiF)<Cn{F)<cCbiF) 

c 

for every compact set F C S. 

The following proposition, with some interest in its own, it will be important in Section 

Proposition 2.5. Let A be a compact subset ofR^, t G]Ti,T 2 [, and a > 0. There exists a 
positive constant c independent of A and r such that 

(i) 1^1 < cCaiA X {r}); 

(ii) Cn{Ax {t}) <c\A\. 

Proof. Let us start by proving the first inequality. Let u be the Lebesgue measure supported 
on A X {r}. For any {x,t) G S, we have 

Ga*iy{x,t)= [ Ga{x,t,f,T)d^ < f Ga{x,t, i,T) df < jS 
J.A 

for some positive constant fi (see [25l Proposition 2.4]). Hence Ga * ^ < 1 in S', so that 

Ca(4lx{r})>^(Hx{r}) = M. 

Let us now prove the inequality in (ii). Let us consider a bounded open set O C 
containing H, and denote by u the Lebesgue measure supported on O x {r}. We claim the 
following: 

(2.3) lim r*i^(x,t) = l for every xo G O. 

{x,t)-y{xo,T) 

t>T 

To prove this, let xq G O be arbitrarily fixed. Let us consider two compactly supported 
continuous functions (pi,ip 2 on with i^i(xo) = ^^ 2 ( 2 : 0 ) = 1 such that 0 < 1^1 < xo < 
(p 2 < 1. Here xo denotes the characteristic function of O. For any (x,t) G K^xjr,T 2 [ we 
have 

[ ^ix,t,^,T)ipi{f)df <r *u{x,t) = [ r(x,t,5,r)d^ < f T{x,t,i,T)ip 2 {f) df. 

JRJV Jo Jm.N 

The hypothesis (O gives then (lOl) . Once we have proved the claim, let us pick fj, G 
A4 + (H X {t}) such that F * /r < 1 in S. Then m = F*i/ — r*/ris "H-harmonic in R^xjr, T 2 [, 
and it satisfies liminf 2 _,,( 2 ,p_T-)'^(- 2 ) > 0 for all xq G O. This inequality also holds at any 
point Xo ^ O since in this case we have 

0 < lim sup F + ^(z) < A lim sup Goq * ti{z) = 0 

Z—^{xo,T) Z—>-(xo,t) 

being sup^g^ Gao(-2 , t) —>■ 0 as z —>■ (xo,t). Moreover u(z) —>■ 0 as z —>■ 00 (see [25l 
Proposition 8.1]). Then, the comparison principle implies u > 0 in R^x]t,T 2 [, i.e. 

F * ^ < F * i/ in R^xjr, T 2 [. 

This inequality extends to S'\ (A x {r}) since r*/x = 0 in (]R^x]Ti, rj) \ (A x {r}). Then, 
by Lemma [2.21 we get 


/r (A X {r}) < 1/ (A X {t}) = ] A]. 
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Since this holds true for every ^ {A x {t}) with T * fi < 1, we finally obtain 

Cr (A X {r}) < |A|. 

The desired inequality then follows from Proposition 12.31 □ 

Corollary 2.6. For every compact set A C and r S]Ti,T2[, we have 

^\A\<Cu{Ax{r})<C\A\, 
with C independent of A and r. 

Proof. We have iust to put together Corollary 12.41 and Proposition [231 □ 

3. Green estimates and crucial lemmas 

Let zo € 5' be fixed. For simplicity of notations, we shall assume Zq = (0,0). For any 
0 < (5 < 1, by the results proved in [25l Section 6] we know that 
for every 0 < r there exists an open set D{r) satisfying 
B{0Jr) C D{r) C B(0,r) 

with the property that the parabolic boundary points of the cylindrical domains 
D{r)x]a,b[, for Ti < a < 6 < T2, 

are "H-regular. 

In what follows we are going to fix <5 = For every M > e, we let 
C{M, r) = D ^i/rlog (M)^ x] — r, r[ 

and we denote by G{M,r; zX) the Green function of C{M,r) (see [13 Section 7]). Then, 
for any ( € C{M, r ), 

G(M, r; z, 0 as z —>■ zq, Wzq € dpC{M,r). 

We also know that (z, Q 1—>■ G{M, r; z, C) is nonnegative, lower semicontinuous, and, for any 
fixed f G G{M,r), the function z i-A G{M,r; zX) is smooth and "H-parabolic in C{M,r) \ 
{C}. Moreover we have 

G(M, r; z, C) > 0 if z = (z, t), ( = it r) € C{M, r),t>r. 

Therefore, with the terminology introduced in SectionUl G{M, r\ •, •) is a kernel on G{M, r). 
For every compact set F C C{M,r) we will denote by C{M,r]F) the G(M, r; •, •)-capacity 
of F. Since F is a kernel on S', then Cr(F) is well defined for any compact F C S. By G < F 
we trivially have 

Cr(F) <C(M,r;F) VFcG(M,r). 

In what follows we shall use the following proposition. 

Proposition 3.1. Letv be a G{M, r\-,■)-equilibrium potential of a compact set F C G(M, r). 
Then 

(i) u < 1 in C{M, r); 

(ii) V is TL-parabolic in G(M, r) \ F; 

(iii) v{z) —>■ 0 as z ^ f for every f G dpC{M,r). 
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Proof. By definition of equilibrium potential, there exists a nonnegative Radon measure v 
supported in F such that v{z) = JpG{M,r;z,C.)di'{f). Then the assertions follow by the 
properties of the Green function (see also [25l Proposition 8.3]). □ 

We are interested in Gaussian bounds also for the Green kernels G. Since G < P, of 
course we have 


(3.1) G(M, r; z, 0 <AG,„(z,C), Vz,CGG(M,r). 

Furthermore, in |251 Section 7] it was obtained a Gaussian bound even from below. Here we 
will actually need something more precise. 

Lemma 3.2. There exists Aq < | = | depending just on \'H\ such that 

(3.2) G(M,r;z,C)>ir(z,C)>^G6„(z,C), Vz, C G G(M, Aor). 

Proof. We will modify the arguments in [3] Lemma 4.2 and Theorem 4.3]. Let us fix z = 
{x,t),C = G C{M,Xor) with t>T, with Aq to be determined. We have 


G{M,r;zX) = r(z,C)- f 

Jd 

= r(z,c) (i- / 

\ Jd 


dD{^Jr log (M))x[r,t] 


V{y,sX)diJ.z{y,s) 


^{y,s,C) 

dD{yJ r log (M))x [r.t] C) 


dnz{y,s) 


for some nonnegative Radon measure Pz, which vanishes if s > t. Since Pz{dD{y/r log (M))x 
[t") i]) < 1) it is enough to bound uniformly from above the ratio with something going 

to 0 as Ao —>■ 0. To this aim, by [53 Proposition 2.2] and the doubling property we get 


^{y,s,C) 

r(foC) 


< G 


< G 


\B{x, \/t — T)\ 


exp - 


3qo d'^{y,f,) 
4 s — T 


exp bo 




\Bif„\/t - T + d{x,f))\ ft-T\'^ 


< C 


\B{^,y/t-T)\ 
'Jt—T + d{x,^)^ ^ 


s — r 


exp 


t — T 

3ao d?{y,f) 
4 s — T 


exp ( bo 


d‘^{x,0 

t — T 


y/s^ 


exp - 


ap d?{y,C) 
4 s — T 


exp bo 


d'^{x,Cj aod'^iy,^) 


t — T 


2 S — T 


where we allowed the structural positive constant G to change at every step. If M = 

_Q_ _i 

rnaxoo t 2 6*, we thus have 


^{y,s,0 

r(foC) 


<G( — 

ao 


M 


\/t - T + d{x,^) 

diy,0 


Q 


exp bo 


d‘^{x,f) aod'^{y,C) 


t — T 


2 s — r 


By exploiting that d{y, ^) > d{y, 0) — c?(^, 0) > ^y/SrlogM, s — t <t — t < 2Aor, d{x,f,) < 
‘J^yXorlogM, and log M > 1 we obtain 


r(2 /,s,C) 


< GAo= exp (^[AXobo - ^5) 


nz,c) 

for a suitable positive structural constant G. Hence, if Ao < we have 

^i.y,s,C) 


<GXI 
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Therefore, there exists a positive structural Aq such that — 5 every {y, s) G 

dD{y^rlog (M)) X [r, t], and for every z, C G C{M, Xor) with t > t. This gives the assertion. 

□ 

In what follows we fix 0 < A < Aq < min {A, ^}, with Aq as in (13.21) . We are now going to 
prove two lemmas which will be very crucial in the sequel. 

Lemma 3.3. Let M > e and 0 < r be fixed. Let F be a compact set contained in 

C{M, Ar) n {(C, t) G K^+1 : r < -A^r}. 

Let us also denote by v a G{M,r]■,■)-equilibrium potential of F related to C{M,r). Then 
there exists po > 0 depending just on |'H|, A such that, if we denote by p the first integer 
greater or equal than po log(M), we have 

v{z) > ^^(0) Vz G C{M, X^r). 

Proof. Let us denote t), r) = B{x,r)x]t—r'^,t+r'^[. Let p be a G(M, r; •, •)-equilibrium 
measure of F corresponding to V 


(3.3) 


,{z)= j G{M,r-z,0dy{0, z&C{M,r). 

JF 


Let G F be arbitrarily fixed, and define 

G{M,r-,z,0 


i{z) = 


G{M,r-QXy 


z G G{M,X^r). 


We want to show the existence of a natural number p > 3, depending on |H| and log (M) 
as desired, such that 


(3.4) 


u(z) > i Vz G G(M,X^r). 


By keeping in mind (13.3p . this will prove the lemma. 

The function u is "H-parabolic in G(M,X^r). Moreover, if APlog(M) < ^A^ = ^A^ holds 
true, we have the inclusions 

G(M, A^r) C C ^0, C C (o, C G(M, AV). 

Thus, from the Holder continuity of the 'H-parabolic functions (see [13 Theorem 7.2], with 
the choice 7 = .^) we have 


(3.5) 


|u(z)-u(0)| < c sup |m| 

c(o,sVTF} \dVX-^rJ 


Vz G G{M,XPr), 


where the positive constants c and a (a < 1) depend just on I'Hj. In order to estimate 
the supremum of u we use the Gaussian bounds for G. Let z = {x,t) G C ^0, SVX^r^ and 
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denote C, = Then, by using (13.11) and (j3.2L we obtain 


> Gao(z, C) 


15 ( 0 , 7 = 7)1 


u{z) < 2A^ fn — 2 ^ ^ ^ ( t ( ^0 


Gbo(0,C) 


\B{x, y/t — t)\ 


d^io,0 


(3.6) 

On the other hand, we have 


\B{x, y/t — t)\ 


B (O, V—t) = B (cc, d{x, 0) + yf—r) = B ^x, \/t — t ^ ^ ^ 


and 


d{x, 0) + y^—T ^ 5y/\^r + TAt A + 2 

- 7(A2 - (52A3)r “ 7 a74^ 

Then, by using the doubling property in (13.61) . we obtain 

sup u < c{X)M ^ 

c{o,5VX^) 

which implies by (13.51) that 

\u{z) - it(0)| < ciM^ ' Vz G C{M, XPr). 

As a consequence, for every z G C{M, A^r), we get 

u(z) = u{0) + {u{z) — w(0)) > 1 — ciM~^ (log (M))^ ^ : 

the last inequality holds true if p > polog(M) with a suitable choice of po = Po{X) 
(independent of M). We want to remark that, in order to get (13.51) . we also assumed 
AP“3 jQg ^ 1 -v^rhich is satisfied with such a choice of p (it would be satisfied even with 
a weaker p> po log log (M)). □ 


Lemma 3.4. Suppose we are given a sequenee {xfelfcgpj of positive real numbers such that 
1 > A^rfe > Xfc+i for any k > 1, with p the natural number of Lemma \3.3[ Let {i7} be a 
sequence of compact sets such that 

Fk C C{M, Arfc) n {(7 r) G : r < -AVfc} V/c G N. 

Let us denote by Vk a G{M,rk]-^-)-equilibrium potential of Fk. For any q gN, letV = Vg 
be the balayage potential of 

F=(jFk. 

k^l 

Then, for every k < q, we have 


1 - V{z) < exp 


Vz G C{M,rk+i). 
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Proof. Let us fix g G N and denote for brevity Ck = C{M, Vk). We split the proof in several 
steps. 

Step I. Let us prove that 

(3.7) V >vi in Cl. 

Let M G Since vi is "H-parabolic in = Ci \Fi, the function u — vi is 'H-superparabolic 
in rii. Moreover we have 


liminf u{z) — vi{z) >0 G dpCi U dFi, 

since u > 1 on Fi and u > 0 everywhere, whereas ui < 1 in Ci and goes to 0 on dpCi (see 
Proposition 13.II) . Then, by the minimum principle for 'H-superparabolic functions (see |251 
Proposition 3.10]), u > in fli. This inequality extends to all Ci since u > 1 > on Fi. 
Considering that u is an arbitrary function in this implies TTf > ui in Ci. Hence 

V{z) = liminf Hf(C) > liminf ui(C) > Vi{z) Vz G Ci 
C-s-2 c-iz 


and (ITZl) is proved. 

Step I*. Inequality (13.711 and Lemma [37^ imply 

V{z)>^vi{0) VzGC2 

since C{M, X^ri) D C 2 . 

Step II. Let us now prove that 


(3.8) 


v{z)-^vm 

1 - 5 Ui( 0 ) 


> V2{z) 


'iz G C 2 . 


Let M G $_F. The function 


W2 — V2 


u- ^Ui(O) 
1 - iui(O) 


- V2 


is 'H-superparabohc in 172 = C 2 \ C 2 . Moreover W 2 > 1 on C 2 , V 2 < 1 in C 2 , V 2 and 
goes to 0 on dpC 2 . By \Step 7^ we have also W 2 > 0 in C 2 . All these facts imply that 
liminfnagz-s-c'^ 2 (- 2 ) — V 2 {z) > 0 for all f G dpC 2 U dF 2 . Thus, by just proceeding as in 
\Step I\ we obtain (13.81) . 

Step II*. Inequality (13.81) and Lemmaimply 


Vjz) - ^ui(O) 

1 - ii;i( 0 ) 


> 2 ^ 2 ( 0 ) 


This inequality can be written as follows 


Vz G C3. 


(3.9) 


V{z)>l-f[(l - ^Vi{0) 

i=l 


Vz G C3. 


Step III. By using (13.91) and arguing as in |5tep lT\ we can prove that 




nz=i ( 1 - 


> U 3 (z) Vz G C3. 
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This inequality and Lemma 13.31 give 


Viz) - (l -OLi (1 - 5^^* 
nil 

which can be written as follows 

3 


> ^'*^3(0) Vz e C4 


n^)>i-nb-9 ^*(o) vzgq. 


Step IV. By iterating the previous procedure, for every k gN with k < q we get 

k 


r(z) > i-H ( 1 -h,(o)) VzGCfc+i. 


Therefore, for every z G Ck+i, 


1 - Viz) < exp l^^log (^1 - < exp 


( 0 ) 


by the elementary inequality log (1 — t) < —t for t < 1. The proof is thus complete. □ 

4. Proof of the main results 

Let n be a fixed bounded open set, with fl C S', and let zq = ixo,to) G dH. For A g] 0, 1[ 
and for any /i, fc G N, we define the compact sets 


(4.1) 


Di^izo,X) = U=(e,r)GS\fl : A'=+l<^o-F<A^ 


exp 




Moreover, for every a, 6 > 0 and s G R, let us put 
(4.2) 


(A;s)= ^ ^Ca{D'^izo,X)) 


N^k<sh 


=1 B 


(xo,'/^ 




where we agree to let z^ — 0 whenever the first summation is meaningless, i.e. for s < 1. 
Finally, for every z G S, let us define 

t, f \og<?izo,z)\ 


ZaiX;zo,z) =z^{X; 


log A 


The main aim of this section is to prove Theorem 11.21 Before starting the proof, some 
remarks are in order. 

Remark 4.1. For every X g]0, 1[, for every fixed k G N and for every a,b > 0, we have 

00 00 .. 00 

^ A^Y,(f]^(zo, A)) < ^ X^^CaiDliz,, A)) < —^ ^ A^"Ca(0^(zo, A)). 


^=1 


h^l 


h^l 
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Remark 4.2. For every A, yt g]0, 1[ and for every 0 < a < b, there exists a positive constant 
C, only depending on X, pL,a,b,Q, such that 

(4.3) zl{X; s) <C as) + l) for every s, 

We postpone the proof of these remarks to Subsection l4.ll For our purposes it is now crucial 
to stress that from (H31) it follows 

(4.4) Zj)(X;zo,z) < C (Zj)(p;zo,z) + l) for every z G S. 


Proof of Theorem \l.‘A In the notations we fixed above, we want to prove that 

for every z G S, 

for a suitable structural constant C. By Remark im it is equivalent to (11.1011 . Moreover, 
due to Remark 14.21 it is not restrictive to assume 0 < A < Aq, with Aq fixed in Lemma 15^ 
Let us fix zq = 0. For any /i, fc G N, we put 

Ft = |c = (C,r) G 5 \ L! : A'^+i < -r < A^ exp < Q) | , 


(4.5) 


Wp{z) < Cexp ( - — Zj)(X;zo,z) 


G^(-,-) the Green function of C ^(j)^ ,X^ and a G^-potential of Fj}- We remark 

that the compact set F^ is compactly contained in C Moreover, for I G N, 

we put 

= {C = (?,^) e : T<0, d(0,C)< A^}. 

If fc > k{l,h) = I + ttien Ft C fl;. We also note that, for any k, Ft is 

actually contained in 

n {(^,t) G : t < -A^ • A'=-i} . 



Let p G N be the one coming from Lemma [?751 i.e. the smaller integer greater than po^ log y. 
For every fixed q gN there exists j G — 1} such that 


1 PQ 

E <(») 

^ k>k{l,h) 


< E 4+j(o)- 

pi-\-,h) 


Then, if Fn, and V denote respectively the balayage potentials of fli and of 


I I F^ 


i—0 

pi+j>k(l,h) 
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by the monotonicity of the balayage potential (see [25l Proposition 4.2]) and by Lemma [33 
(with Vi = we have 

( \ / 

,9 . pq 


2=0 


/ 


(4.6) 1 - Vh, (z) < 1 - P {z) < exp 

y p 2 +_ 7 >fc(/,/ 2 ) 
for every z G C D B ^0, V. 

Now, if denotes a G^-equilibrium measure of Fj^, we have for every b > bo 

^fe(o) = / Gt{o,od,yj:{(:)>^[ G,„{o,c)d4{o 

Jph zAJph 


k>k(l,h) 


(4.7) 


> 


1 A^o^ 


2A 


B( 0 ,A 2 ) 


(Fk) > 


Ca (F^) 


5(0,A2) 


^bh ^—{b—bQ)h 


C ( 

by Lemma 123] and the fact that Cqh > Cr > dCa- Let us put ° ^ \ | . By using 

B(0,A2) 

the estimate in (EH) and the doubling property, we have 


(4.8) 


ttfe < c 


bU ^V2\og{{)h\^ 


A'''* < Ch^X”'^. 


B 


(o,a4) 


bh 


Inserting (H31) in (jUj) and keeping in mind that p < (po + l)hlog j-, we get 


pq 


-hXd’-bG’^log{l-VQ,iz))>c 2 if d(0,z) < v^APl^+^l. 

k>k(l,h) 

On the other hand, by using (14.81) we have 

k{l,h) 

^ < Ch^X'^^k{l,h) = k*{l,h). 


k^l 


Thus 


(4.9) 


hX^^-^Gh log (1 _ ck*{l, h) if d(0, z) < VxpG+^K 


fc = l 


Suppose z S 5 be such that d^(0, z) < XpG+^) and let q be the minimum (if it exists) natural 
number satisfying this inequality. Then, letting 


‘“8 (iw) 


logy 

we have p{q + 2) < [z] < p{q + 3) so that pq > [z] — 3p > [z] — ch. Using this bound in (14.91) 
we get 

[z] — ch 

-/iA(''-'’«)Mog(l-Un,(^))>c ^ al-ck*(l,h) 

k^l 
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for every /i G N and for every z G S such that [z] > p{q + 2) for at least one g G N, in 

particular for every z G S such that [z] > 3h{po + 1) log j. On the other hand 

4 < Cch^+^X^^, 

[z]—ch<k< [z] 

hence, by letting k**{l, h) = k*{l, h) + we have 

[d 

(4.10) - log (1 - (z)) > - ck**{l, h) 

k=l 

for every z G S and /i G N satisfying 3/i(po + 1) log y < [z]. Let us now suppose [z] > 3{po + 

1) log y. Then, inequality (14.101) holds true for any h gN such that h < h{z) = ' 

Thus, summing up in (14.101) with respect to h, we get 

-( ^ log( 1 -^ 0 ,(z))>c ^ ^ k**il,h). 

\h<h{z) J h<h{z) k—1 h<h{z) 

Therefore, since < Cq < oo, k**{l, h) < CqI, and 

^ ^a^<C[z] ^ /i^A'^<3C(po + l)logi ^ h^+^X^^<Co 

h>h{z) k—1 h'>h{z) h'>h{z) 

with Co independent of z and I, we get 

+ 00 

(4.11) -log(l-yn,(z)) > ^ a^-2cO 

^ Ii—1 k< [z] 

for every z G S such that [z] > 3(po + 1) log y- On the other hand, if [z] < 3(po + 1) log y, 
we have 

+ 00 +00 

Y. afc < 00. 

h—lk<[z] /i—1 fc<3(po + l) log y 

Thus, we can adjust the structural constants in (14.111) in order that the relation (14.111) holds 
true for every z G S. Then, for some structural constant C, we finally have 


l-Vh,(-z) < exp (C • 1) exp 



+00 

EE 


h—l k<[z] 


Cq (Ft) 

5(0,a4) 



< exp (C • 1) exp 



for every z G S, and for every I G N. Thus, if we choose p g] 0, 1[ such that p < e ^ , we 
have 


+ 00 


>v(z) = y p (1 - hb, ( 2 :)) < exp - 


1^1 


^ {pe^y < Cexp (^-^Z^{zo, z)j 


for every z G S and the theorem is proved. 


□ 
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As we remarked in the Introduction, the last theorem gives an estimate of the modulus of 
continuity of the PWBB-solution to the Dirichlet problem only depending on the boundary 
datum ip, on il, and on the structural constants in |'H|. We are now going to see that it gives 
straightforwardly a Wiener-type "H-regularity test fTheorem ll.il part (i)). Furthermore, we 
have to prove the necessary counterpart for the "H-regularity (part (ii)). 


Proof of Theorem M.li For the part (i) we have just to observe that the hypothesis and 
(ll.lOp imply that >V( 2 :) —>■ 0 as z —>• zq. The 'H-regularity of zq follows then by (11.81) . 

Let us turn to the proof of part (ii). It follows from a result in [25l Proposition 4.12]. As a 
matter of fact, we have 



and Zq ^ A) for any h, fc G N. Then, if zq is "H-regular, 


+ 00 

(4.12) ^ Vh,k{zo) = -boo 

h,k—l 

where Vh^k denotes the balayage potential of n^(zo. A). Let now yLh,k be the balayage equi¬ 
librium measure of A). Then, by the very definition of A) in (11.61) . the doubling 

property, and by [13 Proposition 8.3], we get 


^h.kizo') — / r(zQ, d/i/i (^) ^ A / GtiQ (zq, (^) 

dnJ(zo.A) Jn’i{za,\) 


< A 


yao(?i-l) 


B 


(xo, VA'^+i) 


lJ-h,k A)) < C 


yaofi 


B 


(a;o, A2^ 


(fl^(zo,A)) 


where in the last inequality we have exploited Corollary 12.41 The proof is then complete by 
inserting this relation in (|4.12|1 and keeping also in mind that < Cb for any b > bo. □ 


4.1. Appendix to Section]^ Let us complete here the proofs of Remark 14.11 and Remark 

EM 


Proof of Remark \4.1\ For every d G N, 

DUzo,X)=^U^ii^o,X). 

Then, since Ca is subadditive, 


OO OC h 

Y,X^^Ca{Dl{zo,\)) < ^A'"^^C,(lli(zo,A)) 

h—1 h—1 j—1 

OO OO - OO 

= ^ X^^Camzo, A)) ^ ^ ^ X^^Camzo, A)). 

j=l h=j i=l 


The other inequality follows just by A) C D'f{zo, A) and the monotonicity of Ca. □ 
















WIENER-TYPE TESTS FROM A TWO-SIDED GAUSSIAN BOUND 


21 


Proof of Remark yff^ For every k gN let us define 

a{k) = [ak] = integer part of ak. 

Then, since X = 

< ^a{k) 

and, letting g = [cr] + 1 , 


^fe-l-l _ ^ak+a ^ ^a(k) + l+(y ^ ^<^(X) + l+q 


Summing up 
Analogously 






cr(h)-q 


(T{k)+q+i ^ ^fc-i-1 < 


Il-l 

<1-1 < ( - I < ( - 




a(h) + l 


for every h gN. As a consequence, letting 

■^(k,h) = {(*, j) e N X N : a{k) < i < a{k) + q, a{h) - q + l<j< a{h) + 1}, 
we have 

^k{zo,X) C IJ 

(i,j)eA(k,h) 

Moreover, for every (z,j) S A(k,h)’ 

A'"' \B{xo,fi^)\ 


< 


\B{xo,X^)\ 

by the doubling condition (imi) . Therefore 

x^^Ca{nl{z^,x)) 


X^ \B{x,,^,^)\ ^ 1 

|B(to,aI)| - 


(/t)+l 


\B[xoAH 


<c, Y. 


Cai^lizo, fk)) 


To simplify the notation we denote by Ck,h{X) the term at the left hand side of this last 
inequality. Then 

^a(A;s) = Y ^ C'l XI X! X Cij(Al). 

fe<s /i>l k<s /i>l {i,j)^A.{^k,h) 

On the other hand for a fixed (i, j) we have 

tl |(fc,/i) : (i, j) e + , 

whereas i < its + g + 1 if (i,j) G A(^k,h) and k < s. Therefore 


Hence 

(4.13) 


((A; s) <C 2 X X where C 2 = Ci\l + 

i<(7s+q+l j>l 


Za(X;s) < C 2 I zlinias) + Y 

(TS<i<crs+q'+l 


9 + 1 
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We now claim that 

(4.14) cM< 

Let us take for a moment this claim for granted. As a consequence, keeping in mind that 
b > a, 

E + =Cs. 

Using this estimate in (14.1311 we immediately obtain the inequality stated in Remark 14.21 
We are thus left with the proof of (I4.14L i.e. with the proof of the following inequality 


(4.15) 




To this aim, we first remark that, for every z = [x, t) G flf (zq, fj,), one has by definition 

cP{xo,xy 


to — t < f/, and exp —a 


to - t 


> 


Therefore 


Ga (^0: z') ^ 


1 


Vz e fl^(zo,Ai)- 


\B{xo,^.y\ 

As a consequence, if u is a Ga- equilibrium potential of r2)(zo,/r) and z/ is a corresponding 
equilibrium measure, we have 

1 


l>w(zo)=/ Ga{zo,z)dv{z)> ■ 




Hence 


Ca{^l{zo-,l^)) < \B{xo,^i.'y\^l 


which is exactly (I4.15|l . 


□ 


5. Integral bound and cone condition 

Let H be a bounded open set with SI C S', and let zq = {xo:to) G did. For A < Aq and 
such that Ti < to — A, let us define, for p > 1 and to — X < t < to, 

Sl^ = l^z = (a;, t) G S \ S4 : fi(zo, z) < Vx, exp ^ ^ ^ < pI , 

E\{p,t) =nlr\{t = T}, and mx{p,T) = \Ex{p,t)\ . 

We would like to prove now Theorem II.31 i.e. an estimate of W in terms of m\(-, •) or more 
precisely in terms of the following function 

m\ (p, to - p) dp dp 


Jd?{zo,z)Jl [■ 


{xo,y/p)\ + ^ P ' 

Proof of Theorem \1.S\ In our notations, we want to prove the following 

(5.1) 


yVpiz) < Cexp ( -—Mx{zo,z) 


for every z G S, 
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for p small enough and a suitable C. 

First of all, keeping in mind the definition of D^{zo, A), we have 


D'^{zo,X)DE^ 


for <to-T<X’^. 


Let us hx 0 < a < oo and b > bo, where ao and bg are the positive constants in Then, 
by Proposition 12.51 


1 


C 


Ca(L>fe(2:o, A)) >-^ruA I ( Y ) ^1 for every A'^^^ < to - r < A*’. 


Thus, for s > 1, 


+ 00 




h—1 k<.s 


X 9. +CXD 

A 2 


B 


max m\ 

A*:+i<to-r<A'' 


h^l 


> 


X 9. +00 
A 2 


c 


■Ea 

h^l 


hb 


(xo,\^ 

■k +1 mx ((y)^ ,^0 - 
\B (xo, At)| 

mx ((i)\to-A'^) 


da 


\B (xo, A2 )| 


da 


. Q +00 


> 


> 


^l°gA.=r 

Ay 


rX mx ( 


■ v) 

1 dp 


B {xo,y/p)\ 

P 


' +00 „h 


Clogi Jxo \B {xo,^)\ 


E 


X^'^mx 


A 2 ■ 


1 


h^2 

/•+00 


h-1 

br 


,to-r]\ dr 


dp 

V 


Clog y A- \B{xo,x/v)\ \Ji 

^ 1 f I 


X^^mx 


X^+'> 


' + 00 


Clog^iA- \B{xo,x/p)\ yi 

Then, we have proved the inequality 


mx (p, to - p) 


,to-pj dr 
dp \ dp 


dp 

■n 


P-l-b 




b(^ A f^°° mxip,to-p) dp dp 

|BK^)| wry 


(5.2) 

On the other hand, since 


mx (p, to-p) ^ \B (xo, \/plogp) 


\B{xo,x/p)\ \B{xo,x/p)\ 


< 1 + Cd(logp) 2 , 


the integral at the right hand side of (15.21) can be estimated from below with 

A mxip,to - p) dp dp 


\B {xo,x/v)\ V 


-c. 


Ji 
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As a consequence 


Za(^;s) > C 


( mx {p, to - 7?) dp dr] \ 

\B{xo,y/v)\ V j 


for s > 1; 


whereas for s < 1 such inequality is satisfied by definition. Therefore, by (1431) we get 
For the last statement in Theorem fOl we have just to observe that the divergence of the 
integral implies that W( 2 ;) —>■ 0 as z —>■ zq. The "H-regularity of zq follows then by (11.81) . □ 


Let us now recall explicitly the definition of d-cone condition. 

Definition 5.1 (Exterior d-cone condition). We say that satisfies the exterior d-cone 
condition at a point zq = (a;o 7 ^o) € 911 if there exist Mg, rg, d > 0 such that 

(5.3) \{x & B{x^,M^r) : (x, tg - r^) ^ 11}| > d|B(a:o, Mgr)] 

for every 0 < r < rg. 


We want to prove that, if 11 satisfies this condition at zg G 911, then W is Holder con¬ 
tinuous at z = zg. This will give a quantitative version of the H-regularity of zg, already 
proved in Theorem 4.11]. 

Theorem 5.2. Assume H satisfies the exterior d-cone condition at zg = (a;g,<g) G 911. 
Then there exist C and a such that 

W{z) < C (d{zo,z)j . 

The positive constants C and a (a < 1) depend only on the parameters Mg, rg, d in Definition 
15.11 and on j'Hj. 


Proof. Assume there exist Mg, rg, d > 0 as in Definition 15.11 
(p = exp (Mg)) such that 


m\{p,T) >93 (^xo, \/log (p)(to - t)J 


Then, there exists p > 1 


for every 0 < tg — r < (5(A) 
d^(zg,z) < (5(A) we have 


min 



By using the doubling property, if 


Mx{zo,z) > 


> 


> 


mx (p,tg - p) / Jf_ \ ^ 

Jd^{zo,z) \B{xo,^)\ \Jp p^+'>) r] 


.Six) 

I (P(zo,z) 


dr] 

V 


c 



z) 



dp 

9 


Inserting this inequality in (15.11) . we immediately obtain the assertion in the case d^(zg, z) < 
d(A). The remaining case follows just from the boundedness of W. □ 


Corollary 5.3. Assume the exterior d-cone condition holds at zg. Then, for every ip G 
C(911,K), we have 


\Hp{z)-(p{zo)\<ip(^zo,C (d{zo,z)^ ) 


Vz G 11, 
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where C, a are the constants in Theorem 1 5. Si 

Proof. The assertion follows by the last theorem and (lEll), by keeping in mind the mono¬ 
tonicity of (p in the second variable. □ 

We close the paper by completing the proof of Theorem If .41 and by giving an application 
to cylindrical domains. 

Proof of Theorem \1.4\ We can deduce it by putting together Corollary [O] and [25l Propo¬ 
sition 5.7]. We explicitly remark that in [25l Proposition 5.7] it was supposed the validity 
of a reverse-doubling property for d. This holds true by using the properties (iDTii-dmi) and 
by arguing as in [S] Proposition 2.9 - Lemma 2.11] (see also [H]). □ 

Corollary 5.4. Let LI = Dx]ti,t 2 [ be a cylindrical domain, with Q G S. Assume D satisfies 
the following condition at some point xo € dD 

there exist ro,0 > 0 such that \B{xo,r) \ Il| > 0\B(xo,r)\ for every 0 < r < rp. 
Then, at every point (a:o,to) with ti < to < t 2 , the conclusions of Theorem hold true. 

Proof. We have just to recall [25l Proposition 6.1] which provides the validity of the d-cone 
condition at such zq. □ 
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